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Abstract
This project outlines the use of the holographic principle to calculate the Hawking
effect of blackholes. The theory is developed for spherically symmetric blackholes by
applying the conformal equivalence of blackhole solutions to Minkowski spacetime in
regions near the horizon. The theory is then extended to a non-spherically symmetric
case of the Kerr solution to show that the application of this method extends past
the domain of spherical symmetry.
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INTRODUCTION
Classically, a blackhole is defined as a connected region that lies outside of the causal
past of the future null infinity of an asymptotically flat space time. This definition implies
that nothing inside of a blackhole is capable of interacting with the outside of the blackhole
region, and furthermore, nothing that enters a blackhole can escape. These thoughts were
commonly believed by physicists up until 1972 when Jacob Bekenstein theorized that in
order for a spacetime containing a blackhole to be consistent with thermodynamic laws,
the blackhole must have finite entropy. Beckenstein also predicted that the entropy of the
blackhole must be proportional to its surface area.
SBH ∝ A
In 1975, Hawking successfully found the proportionality constant between the blackhole’s
entropy and its surface area in his seminal paper ”Particle Production by Blackholes”.
SBH =
c3Ak
4G~
Hawking was also able to predict the existence of blackhole particle production resulting
from quantum fluctuations in the region of the event horizon of the blackhole; furthermore,
a blackhole in a vacuum would eventually evaporate away due to this radiation.
Hawking was then able to calculate the temperature, entropy and particle density of the
Swarzschild blackhole by applying similarities between the coordinate frames used in the
Unruh effect, and the coordinate frames of a inertial and in-falling observer in a Swarzschild
metric. These calculations will be shown in sections I, and II. The calculation of the Hawking
radiation for other blackholes is however much more difficult as a result of increasing com-
plexity when calculating the Bogolyubov coefficients. It will be shown that the holographic
principle can be employed to give an easier alternative method for finding the Bogolyubov
coefficients in order to solve for the Hawking effect of blackholes in Section II. This principle
will then be applied to the case of a near extremal rotating blackhole in section III.
The calculations done from now on use natural units where
c = G = ~ = kB = 1
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I. UNRUH EFFECT
Much of the backbone of the calculations done in this project is based on ideas adopted
from the derivation of the Unruh effect. The Unruh effect states that an observer with
acceleration a in Minkowski space will experience a thermal particle bath of temperature
T = a
2pi
. One can therefore conclude that the effect is coordinate dependent. The effect
is quantum field theoretic in nature and arises because quantum mechanical invariants are
only preserved in coordinate frames that belong to the same unitary group. Since a trans-
formation to an accelerated frame is non-unitary, one can conclude that the ground state of
a field will not be preserved between measurements done in the Minkowski frame and in an
accelerated frame. Thus to derive the Unruh effect, the transformation between the inertial
and the accelerated frame must be found.
A. Coordinate Transformation Between an Inertial and an Accelerated
Observer
First consider the line element of the inertial Minkowski observer
ds2 = −dT 2 + dX2 + dY 2 + dZ2 = ηαβdXαdXβ (I.1)
ηαβ =

−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 (I.2)
is the Minkowski metric. W.L.O.G. consider the motion of a particle undergoing a constant
acceleration along the X axis, parameterized by its proper time τ = −s
Xα(τ) = (T (τ), X(τ), 0, 0) (I.3)
Then the problem reduces to a (1, 1)-D problem–that is one time and one spacial dimension–
and the line element (I.3) becomes
ds2 = −dT 2 + dX2 (I.4)
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The velocity is defined as a derivative with respect to the parameterization τ
uα(τ) = X˙α =
dXα
dτ
= (T˙ , X˙) (I.5)
Then (I.4) implies that the velocity is normalized to unity since
ds2
dτ 2
= −T˙ 2 + X˙2 (I.6)
=⇒ −1 = ηαβuαuβ (I.7)
Notice that the acceleration a = u˙α is orthogonal to the velocity, since
0 =
(
d(ηαβu
αuβ)
dτ
)2
= ηαβa
αuβ (I.8)
Furthermore, since the acceleration is spatial it is required that
aαaα = a
2 ≥ 0 (I.9)
In anticipation of the difficulty of future calculations, a coordinate transformation to Light-
Cone coordinates is now introduced to simplify the calculations
u = X − T, v = X + T (I.10)
With (I.10), (I.4) becomes
ds2 = g
(M)
αβ dX
αdXβ (I.11)
with
g
(M)
αβ =
 0 1/2
1/2 0
 (I.12)
Then (I.7) and (I.10) imply that the velocity and acceleration in the Light-Cone coordinate
system are related to each other by
u˙v˙ = 1 (I.13)
=⇒ u¨ = v¨
v˙2
(I.14)
It is therefore possible to solve for an equation of the particles path by using (I.14) and (I.9)
to give
v¨ = av˙ (I.15)
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=⇒ v = A
a
eaτ +B, u =
1
Aa
eaτ + C (I.16)
A, B and C depend on the initial conditions in a particular coordinate system. W.L.O.G.,
it is always possible to choose an origin, such that B = C = 0. In order to find the coordi-
nate transformation between the inertial observer and the accelerated observer, consider a
coordinate system co-moving with the constantly accelerated particle
xα(τ) = (t(τ), x(τ)) = (τ, 0) (I.17)
This coordinate system is known as the Rindler Coordinate system. The next step is to
find a coordinate transformation between the Minkowski Light-Cone coordinates, and the
Rindler light-Cone coordinates
(u, v)⇒ (u˜, v˜)
Notice (I.17) implies that
u˜(τ) = τ, v˜(τ) = τ (I.18)
Since v˜ and u˜ are linearly independent, and v and u are linearly independent, it is possible
to assert
u = C1e
au˜, v = C2e
av˜ (I.19)
These are the coordinate transformation between Minkowski and Rindler coordinates.
For a particle with an arbitrary trajectory,
u˜ = x− t, v˜ = x+ t (I.20)
Then (I.10) , (I.20) and (I.19) suggest that
T (t, x) =
eax sinh(at)
a
, X(t, x) =
eax cosh(at)
a
(I.21)
(I.21) are the transformations from the space and time coordinates in Rindler space to
Minkowski space. Figure 1 shows a diagram of Rindler space on a Minkowski diagram.
Notice that the Rindler space only encompasses 1
4
of the Minkowski space with an apparent
horizon along the lines X = T and X = −T .
4
FIG. 1. Rindler Chart on a Minkowski Diagram
B. Quantum Scalar Field in Inertial and Accelerated Coordinates
Consider a scalar field whose background metric is Minkowski. In quantum field the-
ory, particles arise from fluctuations in the ground state of their respective fields. For a
given particle, its number density will depend on its frequency measurement relative to the
observer’s proper time. Furthermore, quantum field theory also predicts the existence of
particle/anti-particle pairs. A given quantum state can therefore be considered a superposi-
tion of states with positive frequencies (particles) and negative frequencies (anti-particles).
In the case of the ground state, the net contribution of the particle/anti-particle pairs sum
to 0. This concept is important for explaining the Unruh effect and will be important for
the physical explanation of the Hawking effect later on in this report.
The quantum theory on any classical background begins with its action. The scalar field of
a (1, 1)-D spacetime is
S[φ] =
1
2
∫ √−g gαβ∂αφ ∂βφ d2x (I.22)
The goal is to minimize the action and extract the appropriate creation and annihilation
operators for the decomposed frequencies of the field. The action from (I.22) gives
S =
1
2
∫
[−(∂Tφ)2 + (∂Xφ)2] dT dX = 1
2
∫
[−(∂tφ)2 + (∂xφ)2] dt dx (I.23)
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which by the principle of least action, δS = 0, results in the wave equation
(2)φ = −∂2Tφ+ ∂2Xφ = −∂2t φ+ ∂2xφ = 0 (I.24)
where (2) is the 2-D D’Lambertian operator. In Light-Cone coordinates, equation (I.24)
becomes
∂u∂vφ = ∂u˜∂v˜φ = 0 (I.25)
which has solutions
φ = A(u) +B(v) = A˜(u˜) + B˜(v˜) (I.26)
whose exact values are determined by boundary conditions. Performing a Fourier decompo-
sition on (I.26) results in
A(u) =
∫ ∞
0
dω√
4piω
[
a+ω e
iωu + a−ω e
−iωu] (I.27)
A˜(u˜) =
∫ ∞
0
dΩ√
4piΩ
[
b+Ωe
iΩu˜ + b−ω e
−iΩu˜] (I.28)
B(v) =
∫ ∞
0
dω√
4piω
[
c+ω e
iωv + c−ω e
−iωv] (I.29)
B˜(v˜) =
∫ ∞
0
dΩ√
4piΩ
[
d+Ωe
iΩv˜ + d−Ωe
−iΩv˜] (I.30)
a±ω , and c
±
ω are the creation and annihilation operators for right and left moving waves in
Minkowski coordinates, and b±ω , and d
±
ω are the creation and annihilation operators for right
and left moving waves in Rindler coordinates.
Since u and u˜ describe a right traveling wave while v and v˜ describe a left traveling wave,
by symmetry, it is possible to solve for the transformations between the creation and anni-
hilation operators of A and A˜, and apply the same result to the operators of B and B˜. The
goal is therefore to find a relationship between a±ω and b
±
Ω.
Since a±ω and b
±
Ω are creation and annihilation operators, they satisfy the commutation
relations
[a+ω , a
−
ω′ ] = δ(ω − ω′), [b+Ω, b−Ω′ ] = δ(Ω− Ω′) (I.31)
Let |0M〉 be the vacuum in the natural Minkowski coordinates. Then
a−ω |0M〉 = 0 (I.32)
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Likewise, let |0R〉 represent the vacuum state in Rindler coordinates. Then
b−Ω|0R〉 = 0 (I.33)
In general, since the vacuum states are coordinate dependent,
a−ω |0R〉 6= 0, b−Ω|0M〉 6= 0 (I.34)
The question at hand is then, ’what would be the true vacuum state of the system?’ Since
the Minkowski coordinate system represents a natural cordinate system for the spacetime,
the Minkowski space |0M〉 will be taken as the natural ground state. The implication of this
choice of ground state will result in the measurement of particle production in the Rindler
frame. These particles will be measured using the number operator,
NˆΩ = b
+
Ωb
−
Ω (I.35)
which gives the average number of particles produced with frequency Ω as measured in the
Rindler frame. It is therefore pertitinent to determine the representation of b±Ω in terms of
a±ω . This relationhip is determined by the Bogolyubov Transforms. Using
b−Ω =
(
b+Ω
)†
(I.36)
the Bogolyubov Transformations for b±Ω in terms of a
±
ω can then be written as
b−Ω =
∫ ∞
0
[
αΩωa
−
ω − βΩωa+ω
]
dω, b+Ω =
∫ ∞
0
[
α∗Ωωa
+
ω − β∗Ωωa−ω
]
dω (I.37)
The coefficients of the Bogolyubov transformations are important to determine the contribu-
tions of each state in Minkowski space to the states in Rindlers space. Notice that plugging
(I.37) into (I.31) results in a commutation relation between the Bogolyubov Coefficients1∫ ∞
0
(αΩωα
∗
Ω′ω − βΩωβ∗Ω′ω)dω = δ(Ω− Ω′) (I.38)
Substituting (I.37) into (I.28) results in
1√
ω
e∓iωu =
∫ ∞
0
dΩ′√
Ω′
(
αΩ′ωe
∓iΩ′u˜ − β∗Ω′ωe±iΩ
′u˜
)
(I.39)
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After multiplication with respect to eiΩu˜, integration by u˜ gives the Bogolyubov coefficients1
αΩω
βΩω
=
∫ ∞
−∞
e∓iωu+iΩu˜du˜ = ± 1
2pia
√
Ω
ω
e±
piΩ
2a exp
(
iΩ
a
ln
ω
a
)
Γ
(
−iΩ
a
)
(I.40)
which implies that
|αΩω|2 = e 2piΩa |βΩω|2 (I.41)
Using equation (I.37), the number expectation is found to be
〈NˆΩ〉 = 〈0M |b+Ωb−Ω|0M〉 =
∫ ∞
0
|βΩω|2dω (I.42)
Then with (I.38) and (I.41), it can be shown that the number expectation of particles with
frequency Ω as measured in the Rindler frame is
〈NˆΩ〉 =
∫ ∞
0
|βΩω|2dω =
[
exp
(
2piΩ
a
− 1
)]−1
δ(0) (I.43)
The factor δ(0) is due to the infinite volume of space. It is therefore possible to find the
more meaningful number density
nΩ =
〈NˆΩ〉
V
=
[
exp
(
2piΩ
a
− 1
)]−1
(I.44)
Inspection of equation (I.44) reveals that it is equivalent to the Bose-Einstein distribution
〈N〉 =
[
exp
(
µ− 
T
− 1
)]−1
, (I.45)
where µ is the chemical potential, and  is the energy of the microstate. Since the chemical
potential of a photon gas of frequency Ω is 0, it is possible to conclude that the temperature
measured by the accelerated observer is
T =
a
2pi
(I.46)
II. HAWKING RADIATION IN A SPHERICALLY SYMMETRIC
BACKGROUND
The first part of this section will outline Hawking’s original calculations for the Hawking
effect of a Swarzschild blackhole. Then Hawking’s method will be generalized for an arbi-
trary spherically symmetric metric through application of the holographic principle. This
generalization will prove useful for non-spherically symmetric metrics as will be shown in
Section III.
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A. Coordinate Transformations Between Schwarzschild and Kruskal-Szekeres
Coordinates
In the case of the Unruh effect, transformations between Minkowski space–coordinates
that define a global atlas–and Rindler space–coordinates that have an apparent horizon–
were found. In a similar fashion, a coordinate transformation between Kruskal-Szekeres–the
globaly defined coordinate system–and the Swarzschild coordinates–the coordinate system
featuring an event horizon–will be found for the Swarzschild spacetime. The line element of
the Schwarzschild space time in Kruskal-Szekeres coordinates is given by
ds2 =
r+
r
exp
(
1− r
r+
)
[−dT 2 + dX2] + r2dΩ2 (II.1)
These coordinates cover all of the Schwarzschild spacetime with the exception of the singu-
larity at r = 0. Since (II.1) appears Minkowski, it can be conlcuded that an observer using
Kruskal-Szekeres coordinates should not experience any net radiation. Since the Hawking
effect is an intrinsic phenomenon of spacetime the lack of observation of radiation by an ob-
server in Kruskal-Szekeres coordinates must be a result of the dual radiation from the Unruh
effect canceling radiation from the Hawking effect (particle/anti-particle annhilation). It is
then possible to calculate the Hawking effect by finding the expected Unruh radiation that
would result from transforming between Kruskal-Szekeres coordinates and Schwarzschild
coordinates.
The Schwarzschild Solution is given by
ds2 = −
(
1− r+
r
)
dt2 +
dr2(
1− r+
r
) + r2dΩ2 (II.2)
where r+ is the Schwarzschild radius. The Swarzschild coordinate system can be thought
of the coordinates of an observer sufficiently far away from the blackhole so that he/she
remains stationary with respect to the blackhole. The Swarzschild coordinate system is only
defined in the region r > r+.
In order to derive the coordinate transformation between the two coordinate systems, first
notice that the lightcone in Kruskal-Szekerez coordinates maintains its 45◦ opening. The
lightcone of the Swarzschild coordinates however do not maintain a 45◦ angle and closes
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in on itself as it moves towards the horizon.2. Since the opening of the lightcone is not
preserved, there will be no globally conformal map between Swarzschild coordinates and
Kruskal-Szekerez coordinates. To rectify this, an intermediary transformation to tortoise
coordinates is taken. The definition of tortoise coordinates is given by
dr =
(
1− r+
r
)
dr∗ (II.3)
which implies
r∗ = r − r+ + r+ ln
(
r
r+
− 1
)
(II.4)
This coordinate system is beneficial because the lightcone maintains its 45◦ opening every-
where, with the consequence that the horizon is now mapped to −∞. The line element can
now be rewritten as
ds2 =
(
1− r+
r
)
[−dt2 + dr∗2] + r2dΩ (II.5)
where r∗(r) is defined only for r > r+. Using (II.4), it can be shown that
1− r+
r
=
r+
r
exp
(
1− r
r+
)
exp
(
r∗
r+
)
(II.6)
which allows (II.1) and (II.2) to be written in Light-Cone coordinates as
u˜ = r∗ − t, v˜ = r∗ + t, u = X − T, v = X + T (II.7)
Then
ds2 =
r+
r
exp
(
1− r
r+
)
exp
(
v˜ + u˜
2r+
)
du˜dv˜ + r2dΩ =
r+
r
exp
(
1− r
r+
)
dudv + r2dΩ (II.8)
Hence, for the region r > r+, the Kruskal-Szekeres Light-Cone coordinates, u and v are
related to the tortoise Light-Cone coordinates, u˜ and v˜ by the transition functions,
du = exp
(
u˜
2r+
)
du˜, dv = exp
(
v˜
2r+
)
dv˜ (II.9)
=⇒ u = 2r+ exp
(
u˜
2r+
)
, v = 2r+ exp
(
v˜
2r+
)
(II.10)
Even though the transformation was done to a globally defined coordinate system, only a
coordinate system defined in the region of the horizon will matter in general as will be shown
in Section II C.
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B. Quantum Scalar Field in a Swarzschild SpaceTime
The next step is to develop the field theory for a spherically symmetric blackhole. The
action of a scalar field on a metric gαβ is
S =
1
2
∫
gαβψ,α ψ,β
√−g d4x (II.11)
where ∇α is the covariant derivative. Applying the principle of least action to (II.11) and
using the Euler-Lagrange Equation
∂L
∂q
=
d
dt
∂L
∂q˙
(II.12)
where
L = gαβψ,α ψ,β
√−g (II.13)
is the Lagrangian density. (II.13) gives the generalized Laplace’s equation,
gαβ∇α∇βψ = 0 (II.14)
(II.14) for the Schwarzschild Metric, takes the form[
− ∂
2
t
f(r)
+ f(r)∂2r +
(
f ′(r) + 2
f(r)
r
)
∂r + ∂
2
Ω
]
ψ = 0 (II.15)
=⇒
[
−∂2t +
1
r2
∂r∗
(
r2∂∗r
)
+ f(r)∂2Ω
]
ψ =
[
−∂2t +
f(r)
r2
∂r
(
f(r)r2∂r
)
+
f(r)
r2
∂2Ω
]
ψ = 0
(II.16)
where ∂Ω is the angular component of the flat space Laplacian in spherical coordinates,
∂2Ω =
1
sin2(θ)
∂2φ +
∂θ
sin θ
(sin θ ∂θ) (II.17)
Applying the technique of separation of variables, let
ψ(t, r∗, φ, θ) = R(t, r∗)Yml(φ, θ) (II.18)
Then equation (II.16) implies that
− r
2
f(r)
∂2tR(t, r
∗)
R(t, r∗)
+
∂r [f(r)r2∂rR(t, r
∗)]
R(t, r∗)
=
−∂2ΩYml(φ, θ)
Yml(φ, θ)
= −l(l + 1) (II.19)
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The resulting radial equation is then
∂2tR(t, r
∗) +
f(r)
r2
∂r
[
f(r)r2∂rR(t, r
∗)
]
+
f(r)
r2
l(l + 1)R(t, r∗) = 0 (II.20)
With inspiration from the radial equation of the Hydrogen atom, let R = ϕ(t,r
∗)
r
3. Then
equation (II.20) becomes
− ∂
2
t ϕ
r
+
∂2rϕ
r
+
f(r)
r
(
f ′(r)
r
+
l(l + 1)
r2
)
ϕ = 0 (II.21)
[(2) +W (r)]ϕ = 0 (II.22)
where
(2) = −∂2t + ∂2r , W (r) =
(
1− 2M
r
)(
2M
r3
+
l(l + 1)
r2
)
(II.23)
The presence of the W (r) term serves as an effective potential. Notice that the radial
equation is asymptotically flat so that in the limit r → ∞ implies W (r) → 0. Then in the
asymptotic limit, (II.21) reduces to the 2-D wave equation
(2)ϕ = 0 (II.24)
which has solutions
ϕ = A1e
iωu + A2e
−iωu︸ ︷︷ ︸
outgoing wave
+B1e
iωv +B2e
−iωv︸ ︷︷ ︸
ingoing wave
(II.25)
where
u = t− r, v = t+ r (II.26)
Comparison between equations (II.10) and (I.19), reveals similarities between the two, with
the exception that the acceleration a is replaced by 1
2M
.
Unruh→ Hawking
a → (2r+)−1
Thus, the Bogolyubov coefficients for the Swarzschild case are found to be
αΩω
βΩω
=
∫ ∞
−∞
e∓iωu+iΩu˜du˜ = ±M
pi
√
Ω
ω
e±MpiΩexp (2iMΩ ln 2ωM) Γ (−2iMΩ) (II.27)
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Because of the potential W (r), when a particle of frequency ω moves towards the black hole
from the past null infinity, it scatters off the potential and only a portion
Γ(ω) =
e
ω
TH − 1
e
ω
TH + 3
< 1
is absorbed4. The rest of the wave is reflected off the potential and radiates off towards the
future null infinity as shown in Figure 2. Hence (I.44) implies that the number density as
experience by a stationary observer in the Schwarzschild metric is
nΩ =
〈NˆΩ〉
V
= Γ(ω) [exp (8piMΩ− 1)]−1 (II.28)
with a temperature of
T =
1
8piM
(II.29)
FIG. 2. Penrose diagram showing the scattering of an ingoing particle (red) as it travels through
the background metric.The scattered waves head towards the future null infinity I+ while only a
portion Γ(ω) of the ingoing wave enters the blackhole horizon H+
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C. Near Horizon Coordinates of an Arbitrarily Spherically Symmetric
Blackhole
The derivation of Hawking radiation for a Swarzschild blackhole can be applied to other
cases through the use of the Holographic principle and conformal field theory. Recall that
from Section II it was shown that the Hawking radiation for a (1, 3)-D blackhole could be
calculated from (II.21) to give.
(2)ϕ+ f(r)
(
f ′(r)
r
+
l(l + 1)
r2
)
ϕ = 0 (II.30)
Upon quick inspection of the above equation, it is easy to see that the problem at hand is
that of a (1, 1)-D blackhole with an effective potential arising from the other two spatial
dimensions of space. The resulting effective potential only causes scattering of the wave
functions in the volume outside the blackhole, without affecting any of the calculations
behind the thermodynamics of the blackhole with the exception of a scaling factor on the
number density of the particles being emitted from the blackhole. Thus only the left side of
equation (II.30) mattered in calculating the relative nature of the blackhole thermodynamics
since only the transformations between coordinate frames in the region of the horizon was
of importance. With this in mind, consider the action of an arbitrary (1, 1)-D metric
S =
∫
gαβϕ,α ϕ,β
√−g d2x (II.31)
Since gαβ is (1, 1)-D, it is conformally invariant to Minkowski space. Therefore, there exists
a positive, smooth function Ω for every open set U in the manifold such that5
gαβ = Ω
2ηαβ (II.32)
Then (II.31) implies that
S =
∫
1
Ω2
gαβϕ,α ϕ,β Ω
2
√−g d2x =
∫
1
Ω2
ηαβϕ,α ϕ,β Ω
2
√−η d2x =
∫
ηαβϕ,α ϕ,β d
2x
(II.33)
Employing the principle of least action and the Euler-Lagrange, gives an equation for φ in
the form of the classical 2-D wave equation
(2)ϕ = 0 (II.34)
14
which has Fourier decompositions of
ϕ ∼ A1eiωu + A2e−iωu︸ ︷︷ ︸
outgoing wave
+B1e
iωv +B2e
−iωv︸ ︷︷ ︸
ingoing wave
(II.35)
Notice that since the choice of metric was arbitrary, it can be concluded that the quantum
field effects on any (1, 1)-D blackhole reduces to that of Minkowski space in some coordinate
system.
Since the quantum theory for an arbitrary spherically symmetric metric was developed in
section II, all that is left to do is to find an appropriate coordinate transformation to a coor-
dinate system defined in a region containing the horizon. Ignoring the angular components
of a (1, 3)-D spherically symmetric metric results in the (1, 1)-D metric given by
ds2 = −f(r)dt2 + dr
2
f(r)
(II.36)
(II.36) in tortoise coordinates become
ds2 = gαβdx
αdxβ = f(r)[−dt2 + dr∗2] (II.37)
where
dr
dr∗
= f(r) =⇒ r∗ =
∫
f(r)−1dr (II.38)
Let
xα = (u˜, v˜)
with
u˜ = r∗ − t, v˜ = r∗ + t (II.39)
then (II.37) becomes
ds2 = f(r)du˜ dv˜ (II.40)
Recall that gαβ is conformally flat. Hence for a locally Minkowski neighborhood U containing
the horizon,
gαβ = Ω
2
αηαβ (II.41)
Since Ω is positive and smooth, it can be written as
Ω = eln(Ω) = e
a(r)
2 > 0 (II.42)
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for some positive smooth function a(r). Let Xα = (U, V ) be lightcone coordinates defined
on U . Since (II.40) is defined in the region r > 2M which intersects U , there must be a
transition function between Xα and xα. Hence
ea(r) ≈ lim
r→r+
f(r) (II.43)
Consider the first order Taylor expansion around a point r′ ∈ U . Then
ea(r
′) + a′(r′)ea(r+)(r − r′) +O(r2) = f(r′) + f ′(r+)(r − r′) +O(r2) (II.44)
Equating powers of r′ implies that
ea(r
′) = f(r′) (II.45)
=⇒ a′(r′) = f
′(r′)
f(r′)
(II.46)
Recall that
f(r) =
dr
dr∗
(II.47)
Then (II.46) implies that da = f ′(r+)dr∗. Thus in the limit as r′ tends to r+ it has been
shown that
=⇒ a = f ′(r+)r∗ + C (II.48)
Hence
Aef
′(r+)r∗ = Ae
f ′(r+)
2
(v˜+u˜) = f(r) (II.49)
in regions very close to the horizon. This gives a map from tortoise light coordinates xα to
the locally Minkowski lightcone coordinates Xα. Hence
U = e
f ′(r+)
2
u˜, V = e
f ′(r+)
2
v˜ (II.50)
are an appropriate coordinate transformation for calculating the Hawking radiation for any
spherically symmetric background metric. Again, comparing (II.50) with (I.19)
Unruh =⇒ Blackhole
a =⇒ f
′(r+)
2
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shows that Bogolyubuv coefficients for a spherically symmetric metric take the form
αΩω
βΩω
=
∫ ∞
−∞
e∓iωu+iΩu˜du˜ = ± 1
pif ′(r+)
√
Ω
ω
e
± piΩ
f ′(r+) exp
(
2iΩ
f ′(r+)
ln
2ω
f ′(r+)
)
Γ
(
− 2iΩ
f ′(r+)
)
(II.51)
The number density will then be
nΩ =
〈NˆΩ〉
V
=
[
exp
(
4piΩ
f ′(r)
− 1
)]−1
(II.52)
with a Hawking temperature of
TH =
f ′(r+)
4pi
(II.53)
In the case of a higher dimensional metric, (II.52) will take the form
nΩ =
〈NˆΩ〉
V
= Γ(ω)
[
exp
(
4piΩ
f ′(r)
− 1
)]−1
(II.54)
with the Γ(ω) factor resulting from scattering off the effective potential originating from the
angular degrees of freedom.
D. Relation Between the Hawking Effect and Surface Gravity
The third law of blackhole thermodynamics states that the surface gravity of a blackhole
is always greater than 0.
A > 0 =⇒ κ > 0
where κ is the surface gravity of the blackhole. This is analogous to the classical thermody-
namic third law which states that a system with non-zero entropy has non-zero temperature.
S > 0 =⇒ T > 0,
It is therefore expected that the temperature of the blackhole will be proportional to its
surface gravity, which in combination with (II.53) would imply
TH ∝ κ =⇒ f ′(r+) ∝ κ
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To see this connection, consider the definition of the surface gravity of a blackhole
kα∇αkβ = κkβ, (II.55)
where kα is a null killing vector at the surface of the horizon. Since the metric is independent
of the parameter t and the magnitude of its vector vanishes on the horizon, the null killing
vector is
kα =
dt
dλ
∂xα
∂t
=
1√
2
(−1, 1){u˜,v˜} (II.56)
where λ parameterizes the level curves of the killing vector kα. The subscript ({u˜, v˜}) in
(II.56) indicates the coordinate system. Using
∇αkβ = ∂αkβ + Γβαγkγ (II.57)
where
Γβαγ =
1
2
gβσ (∂αgσγ + ∂γgσα − ∂σgαγ) , (II.58)
the connection is given by
Γβαγ =
f ′(r) 0
0 0
 ,
0 0
0 −f ′(r)

{u˜,v˜}
(II.59)
Thus for a spherically symmetric blackhole, (II.55) implies that
kα∇αkβ = κkβ = f
′(r+)
2
kβ (II.60)
Hence f ′(r+) has shown to be proportional to the surface gravity
κ =
f ′(r+)
2
(II.61)
The Hawking temperature as a function of the surface gravity is therefore given as
TH =
κ
2pi
(II.62)
The Hawking Effect was successfully found by searching for a coordinate chart in the vicinity
of the horizon, and using the conformal invariance of the chart with Minkowski space to easily
find the Bogolyubov coefficients. It is therefore evident that the use of a global chart, as in
the case of the Swarzschild metric, is sufficient but not necessary for solving for the Hawking
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Effect of a given metric. Since the Bogolyubov coefficients will always take the same form in
this approach, the holographic principle gives a simple method for finding the Bogolyubov
coefficients and the resulting Hawking effect. This is the application of the Holographic
principle for these calculations.
III. NON-SPHERICALLY SYMMETRIC BLACKHOLE
The theory developed for a spherically symmetric blackhole in Section II will be applied
to the case of the Kerr metric which describes a non-spherically symmetric black hole.
A. Kerr Solution
The solution for an uncharged rotating blackhole with angular momentum J in Boyer-
Lindquist coordinates is given by2
ds2Kerr = gαβ dx
αdxβ = −Σ∆
ρ2
dt′2 + Σ
[
dr2
∆
+ dθ2
]
+
ρ sin2 θ
Σ
[
dφ′ − 2Mra
ρ2
dt′
]
(III.1)
where
a =
J
M
ρ2 =(r2 + a2)2 −∆a2 sin2 θ
∆ =(r − r+)(r − r−)
Σ =r2 + a2 cos2 θ
r± =M ±
√
M2 − a2
r± are the radii of the outer/inner horizons of the black hole defined by ∆ = 0. The solution
given by (III.1) is known as the Kerr solution which has a metric
gµν =

−∆Σ2+4a2M2r2 sin2 θ
ρΣ
0 0 −2aMr sin2 θ
Σ
0 Σ
∆
0 0
0 0 Σ 0
−2aMr sin2 θ
Σ
0 0 ρ sin
2 θ
Σ
 (III.2)
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To solve for the Hawking radiation of this spacetime, a coordinate transformation in the
region near the horizon limit of the metric must be found. The near horizon limit will be
found in the extremal limit which is defined as the limit as a → M . In the extremal limit,
the inner and outer horizons converge and become one at r = M . The near horizon limit is
defined by the coordinate transformations (III.3)6 7.
r =M + λu
t′ =
t
λ
φ′ =
(
φ− t
2Mλ
)
(III.3)
The near horizon limit is found by taking limit λ→ 0. In this limit, (III.2) reduces to
gµν =

−u2(3+28 cos 2θ+cos 4θ)
32M2(1+cos2 θ)
0 0 2u sin
2 θ
1+cos2 θ
0 M
2(1+cos2 θ)
u2
0 0
0 0 M2(1 + cos2 θ) 0
2u sin2 θ
1+cos2 θ
0 0 4M
2 sinθ
1+cos2 θ
 (III.4)
(III.4) is known as the near horizon extremal Kerr metric which has a line element
ds2NHEK =
1 + cos2 θ
2
[
− u
2
2M2
dt2 +
2M2
u2
du2 + 2M2dθ2
]
+ 2M2
2 sin2 θ
1 + cos2 θ
(
dφ− u
2M
dt
)2
(III.5)
In the near extremal case–where small perturbations from the extremal angular momen-
tum are taken–a near horizon near extremal Kerr metric(NHNEK) can be found8. The
line element for this metric is
ds2NHNEK =
1 + cos2 θ
2
[
−f(r)dt2 + 1
f(r)
dr2 + (r2+ + a
2)dθ2
]
+ · · ·
· · ·+ 2 sin
2 θ
1 + cos2 θ
(r2+ + a
2)
[
dφ−
(
r − 2M
r2+ + a
2
)
dt
]2
(III.6)
where
f(r) =
r2 − 2rM + a2
r2+ + a
2
(III.7)
It can be shown that (III.4) is diffeomorphic to theNHNEK by evaluating their Kretschmann
scalar defined as
K = Rαβγδ Rαβγδ (III.8)
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which for the NHEK, the Kretschmann scalar was found to be
KNHEK =
384 sin2(θ)(−52 cos(2θ) + cos(4θ)− 45)
M4(cos(2θ) + 3)6
(III.9)
while the Kretschmann scalar for the NHNEK was found to be
384 sin2(θ)(−52 cos(2θ) + cos(4θ)− 45)
M2
(√
M2 − a2 +M)2 (cos(2θ) + 3)6 (III.10)
In the extremal limit, (III.8) reduces to the NHEK case as shown in (III.9).
B. Scalar Action of Kerr Metric
Applying the principle of stationary action to (I.22) and integrating by parts gives
0 =
1
2
∫
δ(
√−g gαβϕ,α ϕ,β ) d4x (III.11)
0 =
1
2
[∫
δ(ϕ
√−g gαβ∂αϕ) d3x−
∫
δ(ϕ∂β
√−g gαβ∂αϕ) d4x
]
(III.12)
The first integral evaluates to zero by assumption of calculus of variations leaving the second
integral which becomes∫
d4x
√−g gαβϕ,α ϕ,β =
∫
d4xϕ
[
−2Mr+
f(r)
sin θ ∂2t + 2Mr+ sin θ ∂r (f(r)∂r) + ∂θ(sin θ ∂θ) + · · ·
· · ·+
(
−2Mr+ sin θ
(
r − 2M
2Mr+
)2
1
f(r)
+
(1 + cos2 θ)2
4 sin θ
)
∂2φ + · · ·
· · · − 2 sin θr − 2M
f(r)
∂t∂φ
]
ϕ (III.13)
Expanding ϕ = Υ(t, r)Y ml (φ, θ) and integrating with respect to φ and θ gives an equivalent
action of
S ≡ −Mr+
∫
d2x
[
− 1
f(r)
(
∂t − imr − 2M
2Mr+
r
)2
+ ∂r(f(r)∂r)
]
Υ (III.14)
Let
∂t˜ = ∂t − imAt (III.15)
where
At =
r − 2M
2Mr+
(III.16)
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is a U(1) guage field. Then (III.14) becomes
S ≡ −Mr+
∫
d2x
[
− 1
f(r)
∂2t˜ + ∂r(f(r)∂r)
]
Υ (III.17)
Which implies a number density of
nΩ =
〈NˆΩ〉
V
=
[
exp
(
4piΩ
(
M
√
M2 − a2 +m2)√
M2 − a2 − 1
)]−1
(III.18)
Hawking Temperature of
TH =
f ′(r+)
4pi
=
1
4pi
[ √
M2 − a2
m2 +M
√
M2 − a2
]
(III.19)
Notice that in the extremal limit a = M , the Hawking temperature becomes zero. One can
therefore expect a rotating blackhole to emit radiation until its mass is equal to its angular
momentum at which point particle emission will cease.
In the case of the NHEK metric, the action is∫
d4x
√−g gαβϕ,α ϕ,β =
∫
d4xϕ
[
−4M
4
u2
sin θ ∂2t + ∂u
(
u2 sin θ ∂u
)
+ · · · (III.20)
· · ·+ ∂θ(sin θ ∂θ) +
(
7 cos2 θ
8 sin θ
+
cos4 θ
32 sin θ
+ · · · (III.21)
· · ·+ 3
32 sin θ
− 7 sin θ
8
− 3 cos
2 θ sin θ
16
+
sin3 θ
32
)
∂2φ + · · · (III.22)
· · ·+ 4M
2 sin θ
u
∂t∂φ
]
ϕ (III.23)
which becomes ∫
d2x
[
−4M
4
u2
(∂t − im)2 +M4∂u
(
u2
M4
∂u
)]
Υ (III.24)
By performing a guage transformation
At =
imu
M2
, (III.25)
and letting ∂t˜ = 2(∂t + At) and ∂u˜ = M
2∂u be an equivalent action of the form
S ≡ −1
2
∫
d2x
[
−M
4
u2
∂2t˜ + ∂u˜
(
u2
M4
∂u˜
)]
Υ (III.26)
is found, where f(u(r)) = u
2
M4
. Notice that at the horizon, r = M =⇒ u = 0, which
gives a Hawking temperature of TH = 0. Therefore one can see that the NHEK metric is
indeed the extremal case of the NHNEK metric, with both metrics showing agreement in
the extremal limit. Thus in the near horizon limit, the quantum theory of the Kerr metric
becomes equivalent to that of a (1, 1)-D blackhole with an apparent scalar potential.
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IV. CONCLUSION
The Holographic principle has been shown to give a succinct method for calculating
the Bogolyubov coefficients and the resulting Hawking radiation for spherically symmetric
spacetime metrics which feature an event horizon. This method was also applied to the
axially symmetric, Kerr in the near extremal case. There is room for further work to be
done in the application of the general case of the Kerr blackhole.
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